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A SURVEY OF HARDY TYPE INEQUALITIES ON
HOMOGENEOUS GROUPS
DURVUDKHAN SURAGAN
Abstract. In this review paper, we survey Hardy type inequalities from the point
of view of Folland and Stein’s homogeneous groups. Particular attention is paid
to Hardy type inequalities on stratified groups which give a special class of ho-
mogeneous groups. In this environment, the theory of Hardy type inequalities
becomes intricately intertwined with the properties of sub-Laplacians and more gen-
eral subelliptic partial differential equations. Particularly, we discuss the Badiale-
Tarantello conjecture and a conjecture on the geometric Hardy inequality in a half-
space of the Heisenberg group with a sharp constant.
1. Introduction
In 1918, G. H. Hardy proved an inequality (discrete and in one variable) [20] now
bearing his name, which in Rn can be formulated as∥∥∥∥ f‖x‖
∥∥∥∥
L2(Rn)
≤
2
n− 2
‖∇f‖L2(Rn), n ≥ 3,
where ∇ is the standard gradient in Rn, f ∈ C∞0 (R
n), ‖x‖ is the Euclidean norm,
and the constant 2
n−2
is known to be sharp. Note that the multidimensional version
of the Hardy inequality was proved by J. Leray [28].
The Hardy inequality has many applications in the analysis of linear and nonlinear
PDEs, for example, in existence and nonexistence results for second order partial
differential equations of the form:
0
ut
utt
}
−∆u = λ
|u|s
‖x‖2
.
The criteria on existence (or nonexistence) of a solution depends on a relation between
the constants λ and 2
n−2
.
In the equation, instead of 1
‖x‖2
(Hardy potential) one may have more general
function which motivates to study weighted versions of the Hardy inequality. On the
other hand, one may consider some different operators instead of the Laplacian, say,
the p-Laplacian.
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The Lp-version of the Hardy inequality (used e.g. for p-Laplacian) takes the form∥∥∥∥ f‖x‖
∥∥∥∥
Lp(Rn)
≤
p
n− p
‖∇f‖Lp(Rn), 1 < p < n,
where the constant p
n−p
is sharp. There are already many excellent presentations on
the (classical) Hardy inequalities and their extensions, see e.g. [3], [8], [30], and [34]
as well as references therein.
The purpose of the present review paper is to offer a brief survey of Hardy type
inequalities on homogeneous groups. These groups give one of most general classes
of noncommutative nilpotent Lie groups. The intersection of analysis of Hardy type
inequalities and theory of homogeneous groups is a beautiful area of mathematics
with links to many other subjects.
Since L. Ho¨rmander’s fundamental work [21] the operators of the type sum of
squares of vector fields have been studied intensively, and today’s literature on the
subject is quite large. Much of the development in the field has been connected to
the development of analysis on the homogeneous groups, following the ideas of E.
Stein’s talk at ICM 1970 [46]. Since then continuing through the rest of his life, a
substantial part of E. Stein’s research is related to analysis on homogeneous groups
(see [12]).
Among many, one of the motivations behind doing analysis on the homogeneous
groups is the “distillation of ideas and results of harmonic analysis depending only
on the group and dilation structures” [14].
In the 1990s, a lot of work concerning Hardy inequalities was already developed in
the context of the elliptic operators, but not very much had been done in the frame-
work of (nonelliptic) subellipticity, in particular, for the Heisenberg sub-Laplacians.
Note that the sub-Laplacian on the nilpotent Lie groups are (left invariant homo-
geneous) subelliptic differential operators and it is known that it is elliptic if and only
if the Lie group is Abelian (Euclidean).
N. Garofalo and E. Lanconelli [18] have an important contribution to the devel-
opment of Hardy inequalities on the Heisenberg group with their original approach,
which is based on a far-reaching use of the fundamental solutions. Later this idea
was extended to general stratified groups by several authors. There is also another
approach in the theory of Hardy inequalities on stratified groups, the so-called hori-
zontal estimates, which was suggested by L. D’Ambrosio [4] on the Heisenberg group.
We give further discussions in this direction in Section 2. The general theory of Hardy
type inequalities in the setting of homogeneous groups is reviewed in Section 3.
These are notes mainly from my lecture at the 12th ISAAC Congress in Aveiro
(2019). The lecture was partially based on our recent open access book with the title
“Hardy inequalities on homogeneous groups” with Michael Ruzhansky [44].
2. Hardy type inequalities on stratified groups
A (connected and simply connected) Lie group G is graded if its Lie algebra:
g =
∞⊕
i=1
gi,
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where g1, g2, ..., are vector subspaces of g, only finitely many not {0}, and
[gi, gj] ⊂ gi+j ∀i, j ∈ N.
If g1 generates the Lie algebra g through commutators, the group is said to be
stratified.
Example 1 (Abelian case). The Euclidean group (Rn,+) is graded: its Lie
algebra Rn is trivially graded. Obviously, it is also stratified.
Example 2 (Heisenberg group). The Heisenberg group Hn is stratified: its
Lie algebra hn can be decomposed as hn = g1 ⊕ g2 where g1 = ⊕
n
j=1RXj ⊕ RYj and
g2 = RT , where
Xj = ∂xj −
yj
2
∂t, Yj = ∂yj +
xj
2
∂t, j = 1, . . . , n, T = ∂t.
Note that the concept of stratified groups was introduced for the first time by
Gerald Folland in 1975 [11]. However, in the literature of sub-Riemannian geometry,
stratified groups are commonly called (homogeneous) Carnot groups.
Let G be a stratified group, i.e. there is g1 ⊂ g (the first stratum), with its
basis X1, . . . , XN generating its Lie algebra g through their commutators. Then the
sub-Laplacian
L := X21 + · · ·+X
2
N
is subelliptic, and ∇H = (X1, . . . , Xn) is the so-called horizontal gradient.
Folland proved that L has a fundamental solution = Cd(x)2−Q for some homo-
geneous quasi-norm d(x) called the L-gauge. Here Q is homogeneous dimension of
G.
As we mentioned in the introduction, by using the fundamental solution (i.e. the
L-gauge) of the sub-Laplacian L, in 1990 Garofalo and Lanconelli [18] proved the
Hardy inequality on the Heisenberg group 1, then in 2008 Goldstein and Kombe [19]
established the Hardy inequality on the general stratified groups:∥∥∥∥ fd(x)
∥∥∥∥
L2(G)
≤
2
Q− 2
‖∇Hf‖L2(G), Q ≥ 3. (2.1)
In [37], we obtained the Hardy inequality on the general stratified groups with bound-
ary terms. In general, this approach can be called a fundamental solution appraoch.
On the other hand, there is another approach to obtain the Hardy inequality on the
stratified groups which is a horizontal estimate approach. In 2004, L. D’Ambrosio
proved a “horizontal” version of the Hardy inequality on the Heisenberg group [4]
(see also [5]). In 2017, we extended this result for the general stratified groups [38]
in the form ∥∥∥∥ f|x′|
∥∥∥∥
L2(G)
≤
2
N − 2
‖∇Hf‖L2(G), N ≥ 3, (2.2)
with the Euclidean norm |x′| on the first stratum and x = (x′, x′′). Here N is
(topological) dimension of the first stratum of G. The Lp-version of (2.1) on the
Heisenberg group and the stratified groups were proved by using different methods
1In the case of the Heisenberg group, L-gauge is called a Kaplan distance.
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by Niu, Zhang and Wang in 2001 [33], Adimurthi and Sekar in 2006 [1], Danielli,
Garofalo and Phuc in 2011 [7], as well as Jin and Shen in 2011 [22]:∥∥∥∥ fd(x)
∥∥∥∥
Lp(G)
≤
p
Q− p
‖∇Hf‖Lp(G), Q ≥ 3, 1 < p < Q. (2.3)
Moreover, the Lp-version of (2.2) was proved by L. D’Ambrosio on the Heisenberg
group [4]. We obtained its extention on the general stratified groups [38] in the form∥∥∥∥ f|x′|
∥∥∥∥
Lp(G)
≤
p
N − p
‖∇Hf‖Lp(G), Q ≥ 3, 1 < p < N. (2.4)
Both constants in (2.3) and (2.4) are sharp for functions from, say, C∞0 (G). In
particular, a special case of the horizontal estimate implies the Badiale-Tarantello
conjecture.
Badiale-Tarantello conjecture: Let x = (x′, x′′) ∈ RN × Rn−N . Badiale and
Tarantello [2] proved that for 1 < p < N ≤ n there exists a constant Cn,N,p such that∥∥∥∥ 1|x′|f
∥∥∥∥
Lp(Rn)
≤ Cn,N,p ‖∇f‖Lp(Rn) . (2.5)
Clearly, for N = n this gives the classical Hardy inequality with the best constant
Cn,p =
p
n− p
.
It was conjectured by Badiale and Tarantello that the best constant in (2.5) is given
by
CN,p =
p
N − p
. (2.6)
This conjecture was proved by Secchi, Smets and Willen in 2003 [47].
As a consequence of the horizontal estimate techniques, we also gave a new proof
of the Badiale-Tarantello conjecture in [38].
Hardy inequality in half-space: Let us recall the Hardy inequality in a half-
space of Rn: (
p− 1
p
)p ∫
Rn
+
|u|p
xpn
dx ≤
∫
Rn
+
|∇u|pdx, p > 1, (2.7)
for every function u ∈ C∞0 (R
n
+), where ∇ is the usual Euclidean gradient and
R
n
+ := {(x
′, xn)|x
′ := (x1, . . . , xn−1) ∈ R
n−1, xn > 0}, n ∈ N.
There is a number of studies related to inequality (2.7) by Maz’ya, Davies, Opic-
Kufner (see, e.g. [8], [30], and [34]) and others.
Filippas, Maz’ya and Tertikas in 2007 [10] established the Hardy-Sobolev inequality
in the following form
C
(∫
Rn
+
|u|p
∗
dx
) 1
p∗
≤
(∫
Rn
+
|∇u|pdx−
(
p− 1
p
)p ∫
Rn
+
|u|p
xpn
dx
) 1
p
, (2.8)
for all function u ∈ C∞0 (R
n
+), where p
∗ = np
n−p
and 2 ≤ p < n. For a different proof of
this inequality, see Frank and Loss [15]. Obviously, (2.7) implies from (2.8).
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Version on the Heisenberg group: Let Hn be the Heisenberg group, that is,
the set R2n+1 equipped with the group law
(z, t) ◦ (z˜, t˜ ) := (z + z˜, t+ t˜+ 2 Im〈z, z˜〉),
where (z, t) = (z1, . . . , zn, t) = (x1, y1, . . . , xn, yn, t) ∈ H
n, x ∈ Rn, y ∈ Rn, t ∈ R and
R2n is identified by Cn.
A Hardy inequality in a half-space of the Heisenberg group was shown by Luan
and Yang in 2008 [27] in the form∫
Hnt>0
|x|2 + |y|2
t2
|u|2dξ ≤
∫
Hnt>0
|∇Hu|
2dξ, (2.9)
for every function u ∈ C∞0 (H
n
t>0).
In 2016, Larson generalised the above inequality to any half-space of the Heisenberg
group [26]:
1
4
∫
H+
∑n
i=1〈Xi(ξ), ν〉
2 + 〈Yi(ξ), ν〉
2
dist(ξ, ∂H+)2
|u|2dξ ≤
∫
H+
|∇Hu|
2dξ, (2.10)
where Xi and Yi (for i = 1, . . . , n) are left-invariant vector fields on the Heisenberg
group, ν is the unit vector. However, the following conjecture remained open (see,
e.g. [26]).
Conjecture: The Lp-version of the above Hardy inequality (in a half-space) should
be valid, that is,(
p− 1
p
)p ∫
H+
W(ξ)p
dist(ξ, ∂H+)p
|u|pdξ ≤
∫
H+
|∇Hu|
pdξ.
Also, the constant should be sharp.
Here we have the so-called angle function (see [17])
W(ξ) :=
√√√√ n∑
i=1
〈Xi(ξ), ν〉2 + 〈Yi(ξ), ν〉2.
The following theorem approves the above conjecture:
Theorem 2.1. [41] Let H+ be a half-space of the Heisenberg group Hn. For 2 ≤ p < Q
with Q = 2n + 2, there exists some C > 0 such that for every function u ∈ C∞0 (H
+)
we have
C
(∫
H+
|u|p
∗
dξ
) 1
p∗
≤
(∫
H+
|∇Hu|
pdξ −
(
p− 1
p
)p ∫
H+
W(ξ)p
dist(ξ, ∂H+)p
|u|pdξ
) 1
p
, (2.11)
where p∗ := Qp/(Q− p) and dist(ξ, ∂H+) := 〈ξ, ν〉 − d.
Horizontal Poincare´ inequality. The “horizontal” approach also implies the
following Poincare´ type inequality [38] on stratified groups:
|N − p|
Rp
‖f‖Lp(Ω) ≤ ‖∇Hf‖Lp(Ω) , 1 < p <∞, (2.12)
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for f ∈ C∞0 (Ω\{x
′ = 0}) and R = sup
x∈Ω
|x′|.
For example, let us consider the blow-up solutions to the p-sub-Laplacian heat
equation on the stratified group, that is,
ut(x, t)−Lpu(x, t) = f(u(x, t)), (x, t) ∈ Ω× (0,+∞),
u(x, t) = 0, (x, t) ∈ ∂Ω × [0,+∞),
u(x, 0) = u0(x) ≥ 0, x ∈ Ω,
(2.13)
where f is locally Lipschitz continuous on R, f(0) = 0, and such that f(u) > 0
for u > 0. Here Lp is the p-sub-Laplacian. By using (2.12) it can be proved that
nonnegative solution to (2.13) blows up at a finite time T ∗. Thus, inequality (2.12) is
a powerful tool proving the existence or/and nonexistence (blow-up) of the solution
of subelliptic partial differential equations.
However, in general, the constant (2.12) is not optimal. When p = 2 the optimal
constant can be expressed in terms of the positive ground state (if it exists on a
stratified group). For general stratified groups the question about positivity of the
ground state is open.
Let Ω ⊂ G be an open set and we denote its boundary by ∂Ω. The notation
u ∈ C1(Ω) means ∇Hu ∈ C(Ω). Let Ω ⊂ G be a set supporting the divergence
formula on G. Let u ∈ C10(Ω) and 0 < φ ∈ C
2(Ω). We have∣∣∣∣∇Hu− ∇Hφφ u
∣∣∣∣2 = |∇Hu|2 − ∇Hφφ ∇Hu2 + |∇Hφ|2φ2 u2 (2.14)
and
−
∇Hφ
φ
∇Hu
2 = −∇H ·
(
∇Hφ
φ
u2
)
+
Lφ
φ
u2 −
|∇Hφ|
2
φ2
u2. (2.15)
These imply ∣∣∣∣∇Hu− ∇Hφφ u
∣∣∣∣2 = |∇Hu|2 −∇H · (∇Hφφ u2
)
+
Lφ
φ
u2, (2.16)
that is,∫
Ω
∣∣∣∣∇Hu− ∇Hφφ u
∣∣∣∣2 dx = ∫
Ω
(
|∇Hu|
2 −∇H ·
(
∇Hφ
φ
u2
)
+
Lφ
φ
u2
)
dx. (2.17)
Now by using the divergence formula (see, e.g. [44]) to the second term in the right
hand side, we arrive at
0 ≤
∫
Ω
∣∣∣∣∇Hu− ∇Hφφ u
∣∣∣∣2 dx = ∫
Ω
(
|∇Hu|
2 +
Lφ
φ
|u|2
)
dx (2.18)
for any u ∈ C10 (Ω) and 0 < φ ∈ C
2(Ω). Here the equality case holds if and only if u
is proportional to φ. Indeed, we have the equality case if and only if
0 =
∣∣∣∣∇Hu− ∇Hφφ u
∣∣∣∣2 = ∣∣∣∣∇H (uφ
)∣∣∣∣2 φ2,
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that is, Xk
(
u
φ
)
= 0, k = 1, ..., N. Since any left invariant vector field of G can be
represented by Lie brackets of {X1, ..., XN}, we conclude that
u
φ
is a constant if and
only if
∣∣∣∇H (uφ)∣∣∣ = 0.
Consider the following (spectral) problem for the minus Dirichlet sub-Laplacian:{
−Lφ(ξ) = µφ(ξ), ξ ∈ Ω, Ω ⊂ G,
φ(ξ) = 0, ξ ∈ ∂Ω.
(2.19)
Let both µ > 0 and φ > 0 satisfy (2.19), that is, Lφ
φ
= −µ. Then (2.18) implies
the sharp Poincare´ (or Steklov) inequality on a stratified group G∫
Ω
|u|2dx ≤
1
µ
∫
Ω
|∇Hu|
2dx.
Note that if Ω is an open smooth bounded set of the Heisenberg group Hn, then
there exist µ > 0 and φ > 0, which are the first eigenvalue and the corresponding
eigenfunction of the minus Dirichlet sub-Laplacian, respectively.
One can iterate the above process to obtain higher order versions of equality (2.18).
It is discussed for general real smooth vector fields in [35]. In turn, this equality
follows the proof of the higher order Poincare´ inequality, characterization of the best
constant and its existence as well as characterization of nontrivial extremizers and
their existence. Now we restate some results from [35] in terms of stratified groups.
We also briefly recall their proofs.
Theorem 2.2. [35] Assume that ϕ > 0 is a positive eigenfunction of −L with an
eigenvalue λ, that is, −Lϕ = λϕ in Ω ⊂ G. For every u ∈ C∞0 (Ω) the following
identities are valid:∣∣∇2mH u∣∣2−λ2m|u|2 = m−1∑
j=0
λ2(m−1−j)
(∣∣Lj+1u+ λLju∣∣2 + 2λ ∣∣∣∣∇HLju− ∇Hϕϕ Lju
∣∣∣∣2
)
+
m−1∑
j=0
2λ2(m−1−j)+1∇H ·
(
∇Hϕ
ϕ
(Lju)2 −Lju∇HL
ju
)
, (2.20)
where m = 1, 2, . . . , and
∣∣∇2m+1H u∣∣2 − λ2m+1|u|2 = ∣∣∣∣∇HLmu− ∇Hϕϕ Lmu
∣∣∣∣2
+
m−1∑
j=0
λ2(m−j)−1
(∣∣Lj+1u+ λLju∣∣2 + 2λ ∣∣∣∣∇HLju− ∇Hϕϕ Lju
∣∣∣∣2
)
+ 2
m−1∑
j=0
λ2(m−j)∇H ·
(
∇Hϕ
ϕ
(
Lju
)2
−Lju∇HL
ju
)
+∇H ·
(
∇Hϕ
ϕ
(Lmu)2
)
, (2.21)
where m = 0, 1, 2, . . . .
Theorem 2.2 has the following interesting consequence in the Euclidean setting.
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Theorem 2.3. [35] Let Ω ⊂ Rn be a connected domain, for which the divergence
theorem is true. Then we have the remainder of the higher order Poincare´ inequality
∫
Ω
∣∣∇2mu∣∣2 dx− λ2m1 ∫
Ω
|u|2dx
=
m−1∑
j=0
λ
2(m−1−j)
1
(∫
Ω
∣∣∆j+1u+ λ1∆ju∣∣2 dx+ 2λ1 ∫
Ω
∣∣∣∣∇∆ju− ∇u1u1 ∆ju
∣∣∣∣2 dx
)
≥ 0,
(2.22)
where m = 1, 2, . . . , and∫
Ω
∣∣∇2m+1u∣∣2 dx− λ2m+11 ∫
Ω
|u|2dx =
∫
Ω
∣∣∣∣∇∆mu− ∇u1u1 ∆mu
∣∣∣∣2 dx
+
m−1∑
j=0
λ
2(m−j)−1
1
(∫
Ω
∣∣∆j+1u+ λ1∆ju∣∣2 dx+ 2λ1 ∫
Ω
∣∣∣∣∇∆ju− ∇u1u1 ∆ju
∣∣∣∣2 dx
)
≥ 0,
(2.23)
where m = 0, 1, . . . , for all u ∈ C∞0 (Ω). Here u1 is the ground state of the Dirichlet
Laplacian −∆ in Ω and λ1 is the corresponding eigenvalue. The equality cases hold
if and only if u is proportional to u1.
Proof of Theorem 2.2. For m = 1, a direct computation yields
∣∣∣∣Lu− Lϕϕ u
∣∣∣∣2 = |Lu|2 − 2Lϕϕ uLu+
(
Lϕ
ϕ
)2
|u|2
= |Lu|2 −
Lϕ
ϕ
(
L
(
|u|2
)
− 2|∇Hu|
2
)
+
(
Lϕ
ϕ
)2
|u|2, (2.24)
−
Lϕ
ϕ
L
(
|u|2
)
= 2λ∇H · (u∇Hu)
and
2
Lϕ
ϕ
|∇Hu|
2 = 2
Lϕ
ϕ
(
−
Lϕ
ϕ
|u|2 +
∣∣∣∣∇Hu− ∇Hϕϕ u
∣∣∣∣2 +∇H · (∇Hϕϕ |u|2
))
.
With −Lϕ = λϕ these follow that∣∣∣∣Lu− Lϕϕ u
∣∣∣∣2 = |Lu|2 −(Lϕϕ
)2
|u|2
+2
Lϕ
ϕ
(∣∣∣∣∇Hu− ∇Hϕϕ u
∣∣∣∣2 +∇H · (∇Hϕϕ |u|2
))
+ 2λ∇H · (u∇Hu)
= |Lu|2 − λ2|u|2 − 2λ
(∣∣∣∣∇Hu− ∇Hϕϕ u
∣∣∣∣2 +∇H · (∇Hϕϕ |u|2
))
+ 2λ∇H · (u∇Hu),
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that is,
|Lu|2 − λ2|u|2 = |Lu+ λu|2 + 2λ
(∣∣∣∣∇Hu− ∇Hϕϕ u
∣∣∣∣2 +∇H · (∇Hϕϕ |u|2 − u∇Hu
))
.
By the induction m⇒ m+ 1, we establish∣∣Lm+1u∣∣2 − λ2(m+1)|u|2
= |LLmu|2 − λ2 |Lmu|2 + λ2
(
|Lmu|2 − λ2m|u|2
)
=
∣∣Lm+1u+ λLmu∣∣2 + 2λ ∣∣∣∣∇HLmu− ∇Hϕϕ Lmu
∣∣∣∣2
+2λ∇H ·
(
∇Hϕ
ϕ
(Lmu)2 −Lmu∇HL
mu
)
+
m−1∑
j=0
λ2(m−j)
(∣∣Lj+1u+ λLju∣∣2 + 2λ ∣∣∣∣∇HLju− ∇Hϕϕ Lju
∣∣∣∣2
)
+2
m−1∑
j=0
λ2(m−j)
(
λ∇H ·
(
∇Hϕ
ϕ
(
Lju
)2
− Lju∇HL
ju
))
=
m∑
j=0
λ2(m−j)
(∣∣Lj+1u+ λLju∣∣2 + 2λ ∣∣∣∣∇HLju− ∇Hϕϕ Lju
∣∣∣∣2
)
+2
m∑
j=0
λ2(m−j)+1∇H ·
(
∇Hϕ
ϕ
(
Lju
)2
− Lju∇HL
ju
)
.
It proves formula (2.20).
Now it remains to show relation (2.21). We have∣∣∣∣∇Hu− ∇Hϕϕ u
∣∣∣∣2 = |∇Hu|2 − 2∇Hϕϕ u∇Hu+ |∇Hϕ|2ϕ2 |u|2
= |∇Hu|
2 −
∇Hϕ
ϕ
∇H |u|
2 +
|∇Hϕ|
2
ϕ2
|u|2, (2.25)
and
−
∇Hϕ
ϕ
∇H |u|
2 = −∇H ·
(
∇Hϕ
ϕ
|u|2
)
+
Lϕ
ϕ
|u|2 −
|∇Hϕ|
2
ϕ2
|u|2. (2.26)
Equalities (2.25) and (2.26) imply
|∇Hu|
2 − λ|u|2 =
∣∣∣∣∇Hu− ∇Hϕϕ u
∣∣∣∣2 +∇H · (∇Hϕϕ |u|2
)
. (2.27)
It gives (2.21) when m = 0.
Now by using the scaling
u 7→ Lmu
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to (2.27), we obtain
|∇HL
mu|2 =
∣∣∣∣∇HLmu− ∇Hϕϕ Lmu
∣∣∣∣2 +∇H · (∇Hϕϕ (Lmu)2
)
+ λ (Lmu)2 . (2.28)
Finally, by using formula (2.20), we establish
|∇HL
mu|2 − λ2m+1|u|2
=
∣∣∣∣∇HLmu− ∇Hϕϕ Lmu
∣∣∣∣2 +∇H · (∇Hϕϕ (Lmu)2
)
+λ
(
(Lmu)2 − λ2m|u|2
)
=
∣∣∣∣∇HLmu− ∇Hϕϕ Lmu
∣∣∣∣2 +∇H · (∇Hϕϕ (Lmu)2
)
+
m−1∑
j=0
λ2(m−j)−1
(∣∣Lj+1u+ λLju∣∣2 + 2λ ∣∣∣∣∇HLju− ∇Hϕϕ Lju
∣∣∣∣2
)
+2
m−1∑
j=0
λ2(m−j)∇H ·
(
∇Hϕ
ϕ
(
Lju
)2)
.

Picone type representation formula:
Theorem 2.4. [35] For all u ∈ C1(Ω) and ϕ ∈ C2(Ω) with ϕ > 0, we have
|∇Hu|
pm +
(
Lϕ
ϕ
+ σm
)
upm =
m−1∑
j=1
∣∣|∇H (upm−j−1) |pj − 2pj−1upm−1∣∣2
+
∣∣∣∣∇H (upm−1)− ∇Hϕϕ upm−1
∣∣∣∣2 +∇H · (∇Hϕϕ upm
)
in Ω ⊂ G, (2.29)
where wherem is a nonnegative integer. Here pm = 2
m, m > 0, and σm =
1
4
∑m−1
j=1 4
pj , m >
1.
Theorem 2.4 has the following interesting consequence in the Euclidean setting.
Theorem 2.5. [35] Let Ω ⊂ Rn be a connected domain, for which the divergence
theorem is true. For all u ∈ C10(Ω), we have∫
Ω
|∇u|pmdx− (λ1 − σm)
∫
Ω
|u|pmdx
=
m−1∑
j=1
∫
Ω
∣∣|∇ (upm−j−1) |pj − 2pj−1upm−1∣∣2 dx+ ∫
Ω
∣∣∣∣∇ (upm−1)− ∇u1u1 upm−1
∣∣∣∣2 dx ≥ 0,
(2.30)
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where σm =
1
4
∑m−1
j=1 4
pj , m ∈ N, pj = 2
j , u1 is the ground state of the minus Dirichlet
Laplacian −∆ in Ω and λ1 is the corresponding eigenvalue.
Note that, for m = 1 the sigma notation term in (2.30) disappears as usual (since
the lower index is greater than the upper one). It is important to observe that (2.30)
can be considered as a remainder term for some Lp-Poincare´ inequalities (which are
also commonly called as Lp-Friedrichs inequalities). In general, determining the sharp
constant in the Lp-Friedrichs inequality is an open problem.
Proof of Theorem 2.4. When m = 1, we have p1 = 2, σ1 = 0, and
|∇Hu|
2 +
Lϕ
ϕ
u2 =
∣∣∣∣∇Hu− ∇Hϕϕ u
∣∣∣∣2 +∇H · (∇Hϕϕ u
)
.
When m = 2, we have p2 = 4, σ2 =
1
4
4p1 = 4, and
|∇Hu|
4 +
(
Lϕ
ϕ
+ 4
)
u4 = ||∇Hu|
2 − 2|u|2
∣∣2+
+
∣∣∣∣∇H (|u|2)− ∇Hϕϕ |u|2
∣∣∣∣2 +∇H · (∇Hϕϕ u4
)
.
In order to use the induction process, we observe∣∣|∇Hu|pm − 2pm−1upm∣∣2 = |∇Hu|pm+1 − 2pmupm|∇Hu|pm + 1
4
4pmupm+1.
Plugging in |u|2 instead of u in (2.29) we get
∣∣∇H (|u|2)∣∣pm + (Lϕ
ϕ
+ σm
)(
|u|2
)pm
=
m−1∑
j=1
∣∣∣∣∇H (|u|2)pm−j−1∣∣pj − 2pj−1 (|u|2)pm−1∣∣2
+
∣∣∣∣∇H (|u|2)pm−1 − ∇Hϕϕ (|u|2)pm−1
∣∣∣∣2 +∇H · (∇Hϕϕ (|u|2)pm
)
,
where
∣∣∇H (|u|2)∣∣pm + (Lϕ
ϕ
+ σm
)(
|u|2
)pm
= 2pmupm |∇Hu|
pm +
(
Lϕ
ϕ
+ σm
)
upm+1
and
m−1∑
j=1
∣∣∣∣∇H (|u|2)pm−j−1∣∣pj − 2pj−1 (|u|2)pm−1∣∣2
+
∣∣∣∣∇H (|u|2)pm−1 − ∇Hϕϕ (|u|2)pm−1
∣∣∣∣2 +∇H · (∇Hϕϕ (|u|2)pm
)
=
m−1∑
j=1
∣∣|∇H (upm−j ) |pj − 2pj−1upm∣∣2
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+
∣∣∣∣∇H (upm)− ∇Hϕϕ upm
∣∣∣∣2 +∇H · (∇Hϕϕ upm+1
)
.
It yields
|∇Hu|
pm+1 = 2pmupm |∇Hu|
pm +
∣∣|∇Hu|pm − 2pm−1upm∣∣2 − 1
4
4pmupm+1
= −
(
Lϕ
ϕ
+ σm +
1
4
4pm
)
upm+1 +
∣∣|∇Hu|pm − 2pm−1upm∣∣2
+
m−1∑
j=1
∣∣|∇H (upm−j) |pj − 2pj−1upm∣∣2
+
∣∣∣∣∇H (upm)− ∇Hϕϕ upm
∣∣∣∣2 +∇H · (∇Hϕϕ upm+1
)
= −
(
Lϕ
ϕ
+ σm+1
)
upm+1 +
∣∣|∇Hu|pm − 2pm−1upm∣∣2
+
m−1∑
j=1
∣∣|∇H (upm−j) |pj − 2pj−1upm∣∣2
+
∣∣∣∣∇H (upm)− ∇Hϕϕ upm
∣∣∣∣2 +∇H · (∇Hϕϕ upm+1
)
.

3. Hardy type inequalities on homogeneous groups
By the definition, there is no homogeneous (horizontal) gradient on non-stratified
graded groups, so there is no horizontal estimates. A non-stratified graded group G
may not have a homogeneous sub-Laplacian, but it always has so-called Rockland
operators, which are left-invariant homogeneous subelliptic differential operators on
G. Therefore, the fundamental solution approach can be applied to general graded
groups.
Beyond graded groups: There is no invariant homogeneous subelliptic differ-
ential operator on non-graded homogeneous groups; in particular, no fundamental
solution.
Question is even:
• How to formulate Hardy’s inequality on non-graded homogeneous groups?
A systematic analysis towards an answer to this question was presented recently
in the book form [44]. One of the key ideas was consistently working with the quasi-
radial derivative operator R|x| :=
d
d|x|
and with the Euler operator E := |x| d
d|x|
to
obtain homogeneous group analogues of the Hardy type inequalities.
Actually, it can be shown that any (connected, simply connected) nilpotent Lie
group is some Rn with a polynomial group law: Rn with linear group law, Hn with
quadratic group law, etc. So we can identify G with Rn (topologically).
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Definition 3.1. If a Lie group (on Rn) G has a property that there exist n-real
numbers ν1, ..., νn such that the dilation
Dλ(x) := (λ
ν1x1, ..., λ
νnxn), Dλ : R
n → Rn,
is an automorphism of the group G for each λ > 0, then it is called a homogeneous
group.
Let us fix a basis {X1, . . . , Xn} of the Lie algebra g of the homogeneous group G
such that Xk is homogeneous of degree νk.
Then the homogeneous dimension of G is
Q = ν1 + · · ·+ νn.
A class of homogeneous groups is one of most general subclasses of nilpotent Lie
groups, that is, the class of homogeneous groups gives almost the class of all nilpo-
tent Lie groups but is not equal to it. In 1970, Dyer gave an example of a (nine-
dimensional) nilpotent Lie group that does not allow for any family of dilations [9].
Special cases of the homogeneous groups:
• the Euclidean group (Rn; +),
• H-type groups,
• stratified groups,
• graded (Lie) groups.
We also recall the standard Lebesgue measure dx on Rn is the Haar measure for
G. It makes the class of homogeneous groups convenient for analysis. One also can
assume that the origin 0 of Rn is the identity of G, If it is not, then by using a smooth
diffeomorphism one can obtain a new (isomorphic) homogeneous group which has the
identity 0. For further discussions in this direction we refer to a recent open access
book [44].
Let G be a homogeneous group of homogeneous dimension Q. Then for all f ∈
C∞0 (G\{0}) and for any homogeneous quasi-norm | · |, we have the following
Hardy inequality on homogeneous groups [37]:∥∥∥∥ f|x|
∥∥∥∥
Lp(G)
≤
p
Q− p
∥∥R|x|f∥∥Lp(G) , 1 < p < Q,
for all f ∈ C∞0 (G\{0}), where R|x| :=
d
d|x|
. Moreover, the constant above is sharp
and is attained if and only if f = 0.
The main idea to prove these type of inequalities is consistently to work with radial
derivative R|x| :=
d
d|x|
and with the Euler operator E := |x| d
d|x|
, so to obtain relations
on homogeneous groups in terms of R|x| or/and E. These yield many inequalities:
Hardy, Rellich, Caffarelli-Kohn-Nirenberg, Sobolev type, ..., with best constants for
any homogeneous quasi-norm.
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Theorem 3.2. [42] Let G be a homogeneous group of homogeneous dimension Q ≥ 3.
Then for every complex-valued function f ∈ C∞0 (G\{0}) and any homogeneous quasi-
norm | · | on G we have∥∥∥∥ 1|x|αRf
∥∥∥∥2
L2(G)
−
(
Q− 2
2
− α
)2 ∥∥∥∥ f|x|α+1
∥∥∥∥2
L2(G)
=
∥∥∥∥ 1|x|αRf + Q− 2− 2α2|x|α+1 f
∥∥∥∥2
L2(G)
(3.1)
for all α ∈ R.
As a consequence of (3.1), we obtain the weighted Hardy inequality on the homo-
geneous group G, with the sharp constant:
For all complex-valued functions f ∈ C∞0 (G\{0}) we have
|Q− 2− 2α|
2
∥∥∥∥ f|x|α+1
∥∥∥∥
L2(G)
≤
∥∥∥∥ 1|x|αRf
∥∥∥∥
L2(G)
, ∀α ∈ R. (3.2)
If α 6= Q−2
2
, then constant in (3.2) is sharp for any homogeneous quasi-norm | · | on
G, and inequality (3.2) is attained if and only if f = 0.
In the Euclidean case G = (Rn,+), n ≥ 3, we have Q = n, so for any homogeneous
quasi-norm | · | on Rn, (3.2) implies a new inequality with the optimal constant:
|n− 2− 2α|
2
∥∥∥∥ f|x|α+1
∥∥∥∥
L2(Rn)
≤
∥∥∥∥ 1|x|α dfd|x|
∥∥∥∥
L2(Rn)
, (3.3)
for all α ∈ R. We observe that this inequality holds for any homogeneous quasi-norm
on Rn.
Note that the constant in (3.3) is optimal for any homogeneous quasi-norm.
For the standard Euclidean distance ‖x‖ =
√
x21 + . . .+ x
2
n, by using Schwarz’s
inequality, this implies (with the optimal constant):
|n− 2− 2α|
2
∥∥∥∥ f‖x‖α+1
∥∥∥∥
L2(Rn)
≤
∥∥∥∥ 1‖x‖α∇f
∥∥∥∥
L2(Rn)
, (3.4)
for all f ∈ C∞0 (R
n\{0}).
With α = 0 we have∥∥∥∥ f‖x‖
∥∥∥∥
L2(Rn)
≤
2
n− 2
‖∇f‖L2(Rn), n ≥ 3.
Moreover, these also can be extended to the weighted Lp-Hardy inequalities [40].
Let G be a homogeneous group of homogeneous dimension Q and let α ∈ R. Then
for all complex-valued functions f ∈ C∞0 (G\{0}), and any homogeneous quasi-norm
| · | on G for αp 6= Q we have∥∥∥∥ f|x|α
∥∥∥∥
Lp(G)
≤
∣∣∣∣ pQ− αp
∣∣∣∣ ∥∥∥∥ 1|x|αEf
∥∥∥∥
Lp(G)
, 1 < p <∞.
If αp 6= Q then the constant
∣∣∣ pQ−αp∣∣∣ is sharp.
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For αp = Q we have the critical case (believe to be already new in Rn)∥∥∥∥∥ f|x|Qp
∥∥∥∥∥
Lp(G)
≤ p
∥∥∥∥∥ log |x||x|Qp Ef
∥∥∥∥∥
Lp(G)
,
where the constant p is sharp.
Rellich inequalities on homogeneous groups: Let G be a homogeneous group
of homogeneous dimension Q ≥ 5. Let | · | be any homogeneous quasi-norm on G.
Then for every f ∈ C∞0 (G\{0}) [36]:∥∥∥∥R2f + Q− 1|x| Rf + Q(Q− 4)4|x|2 f
∥∥∥∥2
L2(G)
+
Q(Q− 4)
2
∥∥∥∥ 1|x|Rf + Q− 42|x|2 f
∥∥∥∥2
L2(G)
=
∥∥∥∥R2f + Q− 1|x| Rf
∥∥∥∥2
L2(G)
−
(
Q(Q− 4)
4
)2 ∥∥∥∥ f|x|2
∥∥∥∥2
L2(G)
,
which implies the (quasi-radial) Rellich inequality∥∥∥∥ f|x|2
∥∥∥∥
L2(G)
≤
4
Q(Q− 4)
∥∥∥∥R2f + Q− 1|x| Rf
∥∥∥∥
L2(G)
, Q ≥ 5.
The constant 4
Q(Q−4)
is sharp and it is attained if and only if f = 0.
After our paper [36] the Rellich inequality was extended (see, [31] and [32]) to the
range 1 < p < Q/2:∥∥∥∥ f|x|2
∥∥∥∥
Lp(G)
≤
p2
Q(p− 1)(Q− 2p)
∥∥∥∥R2|x|f + Q− 1|x| R|x|f
∥∥∥∥
Lp(G)
,
for all f ∈ C∞0 (G\{0}). The constant is sharp and it is attained if and only if f = 0.
One can also obtain the Sobolev type inequalities through identities:
Theorem 3.3. [39] Let G be a homogeneous group of homogeneous dimension Q.
Then for all f ∈ C∞0 (G\{0}) and 1 < p < Q∥∥∥∥ pQEf
∥∥∥∥p
Lp(G)
− ‖f‖pLp(G) = p
∫
G
Ip
(
f,−
p
Q
Ef
) ∣∣∣∣f + pQEf
∣∣∣∣2 dx, (3.5)
where E := |x| d
d|x|
is the Euler operator, and Ip is given by
Ip(h, g) = (p− 1)
∫ 1
0
|ξh+ (1− ξ)g|p−2ξdξ.
The identity (3.5) implies, for all f ∈ C∞0 (G\{0}), the L
p-Sobolev type inequality
on G:
‖f‖Lp(G) ≤
p
Q
‖Ef‖Lp(G) , 1 < p <∞,
where the constant p
Q
is sharp.
In the Euclidean case G = (Rn; +), we have Q = n, so for n ≥ 1 it implies the
Sobolev type inequality:
‖f‖Lp(Rn) ≤
p
n
‖x · ∇f‖Lp(Rn) , 1 < p <∞.
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Above ideas can be extended to other weighted identities on L2(G): e.g. for all
k ∈ N and α ∈ R, for every f ∈ C∞0 (G\{0}), α ∈ R, and any homogeneous quasi-
norm | · | on G we have:
∥∥∥∥ 1|x|αRk|x|f
∥∥∥∥2
L2(G)
=
[
k−1∏
j=0
(
Q− 2
2
− (α+ j)
)2]∥∥∥∥ f|x|k+α
∥∥∥∥2
L2(G)
+
k−1∑
l=1
[
l−1∏
j=0
(
Q− 2
2
− (α + j)
)2]∥∥∥∥ 1|x|l+αRk−l|x| f + Q− 2(l + 1 + α)2|x|l+1+α Rk−l−1|x| f
∥∥∥∥2
L2(G)
+
∥∥∥∥ 1|x|αRk|x|f + Q− 2− 2α2|x|1+α Rk−1|x| f
∥∥∥∥2
L2(G)
.
∥∥∥∥ 1|x|αEf
∥∥∥∥2
L2(G)
=
(
Q
2
− α
)2 ∥∥∥∥ f|x|α
∥∥∥∥2
L2(G)
+
∥∥∥∥ 1|x|αEf + Q− 2α2|x|α f
∥∥∥∥2
L2(G)
.
The following lemma allows to obtain fractional orders of previous inequalities.
Lemma 3.4. The operator A = EE∗ is Komatsu-non-negative in L2(G):
‖(λ+ A)−1‖L2(G)→L2(G) ≤ λ
−1, ∀λ > 0. (3.6)
Since A is Komatsu-non-negative, we can define fractional powers of the operator
A as in [29] and we denote
|E|β = A
β
2 , β ∈ C.
For example, we have the following Hardy inequality with the fractional Euler
operator.
Theorem 3.5. [43] Let G be a homogeneous group of homogeneous dimension Q,
β ∈ C+ and let k >
Reβ
2
be a positive integer. Then for all complex-valued functions
f ∈ C∞0 (G\{0}) we have
‖f‖L2(G) ≤ C
(
k −
β
2
, k
)(
2
Q
)Reβ ∥∥∥|E|βf∥∥∥
L2(G)
, Q ≥ 1, (3.7)
where
C(β, k) =
Γ(k + 1)
|Γ(β)Γ(k − β)|
2k−Reβ
Reβ(k − Reβ)
. (3.8)
Stein-Weiss type inequalities on homogeneous groups: Let 0 < λ < Q and
1
q
= 1
p
+ λ
Q
− 1 with 1 < p < q < ∞. Then the following inequality is valid on G of
homogeneous dimension Q:∣∣∣∣∫
G
∫
G
f(y)h(x)
|y−1x|λ
dxdy
∣∣∣∣ ≤ C‖f‖Lp(G)‖h‖Lq′ (G), (3.9)
for all f ∈ Lp(G) and h ∈ Lq
′
(G). The Euclidean version of this inequality is called the
Hardy-Littlewood-Sobolev (HLS) inequality. In 1958, Stein and Weiss established a
two-weight extension of the (Euclidean) HLS inequality [48] (see also [16]). Nowadays,
the two-weight extension of the HLS inequality is called the Stein-Weiss inequality.
Note that Folland and Stein obtained the HLS inequality on the Heisenberg groups
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[13]. On stratified groups a version of the Stein-Weiss inequality was obtained in [23].
The Stein-Weiss inequality was extended to graded groups in [45]:
Theorem 3.6. [45] Let G be a graded group of homogeneous dimension Q and let
| · | be an arbitrary homogeneous quasi-norm. Let 1 < p, q < ∞, 0 ≤ a < Q/p and
0 ≤ b < Q/q. Let 0 < λ < Q, 0 ≤ α < a+Q/p′ and 0 ≤ β ≤ b be such that
(Q− ap)/(pQ) + (Q− q(b− β))/(qQ) + (α+ λ)/Q = 2
and α + λ ≤ Q, where 1/p + 1/p′ = 1. Then for all f ∈ L˙pa(G) and h ∈ L˙
q
b(G) we
have ∣∣∣∣∣
∫
G
∫
G
f(x)h(y)
|x|α|y−1x|λ|y|β
dxdy
∣∣∣∣∣ ≤ C‖f‖L˙pa(G)‖h‖L˙qb(G) (3.10)
where C is a positive constant independent of f and h. Here L˙pa(G) stands for a
homogeneous Sobolev space of order a over Lp on the graded Lie group G.
In [24], the Stein-Weiss inequality was extended to general homogeneous groups.
Theorem 3.7. [24] Let | · | be an arbitrary homogeneous quasi-norm on G of homo-
geneous dimension Q. Let
0 < λ < Q, 1 < p ≤ q <∞,
α <
Q
p′
, β <
Q
q
, α + β ≥ 0,
1
q
=
1
p
+
α + β + λ
Q
− 1,
1
p
+
1
p′
= 1,
1
q
+
1
q′
= 1.
Then for all f ∈ Lp(G) and h ∈ Lq
′
(G) we have∣∣∣∣∫
G
f(y)h(x)
|x|β|y−1x|λ|y|α
dxdy
∣∣∣∣ ≤ C‖f‖Lp(G)‖h‖Lq′(G), (3.11)
where C is a positive constant independent of f and h.
The reverse Stein-Weiss inequality also holds on G.
Theorem 3.8. [25] Let G be a homogeneous group of homogeneous dimension Q and
let | · | be an arbitrary homogeneous quasi-norm on G. Let
0 ≤ α < −
Q
q
0 ≤ β < −
Q
p′
, q, p′ ∈ (0, 1),
1
q′
+
1
p
=
α + β + λ
Q
+ 2, 0 < λ <∞,
1
p
+
1
p′
= 1,
1
q
+
1
q′
= 1.
Then for all non-negative functions f ∈ Lq
′
(G) and h ∈ Lp(G) we have∫
G
∫
G
|x|α|y−1x|λf(x)h(y)|y|βdxdy ≥ C‖f‖Lq′(G)‖h‖Lp(G), (3.12)
where C is a positive constant independent of f and h.
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In the Euclidean (Abelian) case G = (RN ,+), hence Q = N and | · | can be any
homogeneous quasi-norm on RN , particularly with the standard Euclidean distance,
that is, with | · | = ‖ · ‖E it was studied in [6].
An improved version of the reverse Stein-Weiss inequality can be also proved [25]:
Let | · | be an arbitrary homogeneous quasi-norm on G of homogeneous dimension
Q. Let 1
q′
+ 1
p
= α+β+λ
Q
+ 2 with p, q′ ∈ (0, 1), where 0 < λ < ∞, 1
p
+ 1
p′
= 1 and
1
q
+ 1
q′
= 1. Then for all non-negative functions f ∈ Lq
′
(G) and h ∈ Lp(G), inequality
(3.12) holds, that is,∫
G
∫
G
|x|α|y−1x|λf(x)h(y)|y|βdxdy ≥ C‖f‖Lq′(G)‖h‖Lp(G)
if 0 ≤ α < −Q
q
or 0 ≤ β < −Q
p′
.
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